On Spin c manifolds, we study the Energy-Momentum tensor associated with a spinor field. First, we give a spinorial Gauss type formula for oriented hypersurfaces of a Spin c manifold. Using the notion of generalized cylinders, we derive the variationnal formula for the Dirac operator under metric deformation and point out that the Energy-Momentum tensor appears naturally as the second fundamental form of an isometric immersion. Finally, we show that generalized Spin c Killing spinors for Codazzi Energy-Momentum tensor are restrictions of parallel spinors.
Introduction
In [14] , O. Hijazi proved that on a compact Riemannian spin manifold (M n , g) any eigenvalue λ of the Dirac operator to which is attached an eigenspinor ψ satisfies
where Scal M is the scalar curvature of the manifold M and ℓ ψ is the field of symmetric endomorphisms associated with the field of quadratic forms T ψ called the EnergyMomentum tensor. It is defined on the complement set of zeroes of the eigenspinor ψ, for any vector X ∈ Γ(T M) by T ψ (X) = Re < X · ∇ X ψ, ψ |ψ| 2 > .
Here ∇ denotes the Levi-Civita connection on the spinor bundle of M and "·" the Clifford multiplication. The limiting case of (1) is characterized by the existence of a spinor field ψ satisfying for all X ∈ Γ(T M),
For Spin c structures, the complex line bundle L M is endowed with an arbitrary connection and hence an arbitrary curvature iΩ M which is an imaginairy 2-form on the manifold. In terms of the Energy-Momentum tensor the author proved in [25] that on a compact Riemannian Spin c manifold any eigenvalue λ of the Dirac operator to which is attached an eigenspinor ψ satisfies
where c n = 2[
. The limiting case of (3) is characterized by the existence of a spinor field ψ satisfying for every X ∈ Γ(T M),
Here ∇ ΣM denotes the Levi-Civita connection on the Spin c spinor bundle and "·" the Spin c Clifford multiplication. In [25] , the author showed also that the sphere with a special Spin c structure is a limiting manifold for (3).
where (., .) = M Re ., . dv g , the Dirac operator D Mt is the Dirac operator associated with M t = (M, g t ), T ψ = |ψ| 2 T ψ = Re < X · ∇ X ψ, ψ > and τ t 0 ψ is the image of ψ under the isometry τ t 0 between the spinor bundles of (M, g) and (M, g t ).
This was proven in [4] by J. P. Bourguignon and P. Gauduchon for spin manifolds. Using this, we extend to Spin c manifolds a result by Th. Friedrich and E. C. Kim in [8] T ψ , 
Moreover the hypersurface M satisfies the equality case in (3) if and only if
This was proven by Morel in [24] for a compact oriented hypersurface of a spin manifold carrying parallel spinor but in this case the hypersurface M is directly a limiting manifold for (1) without the condition (6).
Finally, we study generalized Killing spinors on Spin c manifolds. They are characterized by the identity, for any tangent vector field X on M,
where F is a given symmetric endomorphism on the tangent bundle. It is straightforward to see that
These spinors are closely related to the so-called T -Killing spinors studied by Friedrich and Kim in [9] on spin manifolds. It is natural to ask whether the tensor F can be realized as the Weingarten tensor of some isometric embedding of M in a manifold Z n+1 carrying parallel spinors. Morel studied this problem in the case of spin manifolds where the tensor F is parallel and in [2] , the authors studied the problem in the case of semi-Riemannian spin manifolds where the tensor F is a Codazzi-Mainardi tensor. We establish the corresponding result for semi-Riemannian Spin c manifolds: 
, equipped with the Spin c structure arising from the given one on M has a parallel spinor whose restriction to M is just ϕ.
A characterisation of limiting 3-dimensional manifolds for (3), having generalized Spin c Killing spinors with Codazzi tensor is then given.
The paper is organised as follows: In Section 2, we collect basic material on spinors and the Dirac operator on semi-Riemannian Spin c manifolds. In Section 3, we study hypersurfaces of Spin c manifolds. We derive a spinorial Gauss formula after identifying the restriction of the Spin c spinor bundle of the ambient manifold with the Spin c spinor bundle of the hypersurface. In Section 4, we define the generalized cylinder of a Spin c manifold M and we collect formulas relating the curvature of a generalized cylinder to geometric data on M. In section 5, we compare the Dirac operators for two differents semi-Riemannian metrics, then one first has to identify the spinor bundles using parallel transport. In the last section, we interprete the Energy-Momentum tensor as the second fundamental form of a hypersurface and we study generalized Spin c Killing spinors. The author would like to thank Oussama Hijazi for his support and encouragements. 
The Dirac operator on semi-Riemannian Spin

manifolds
In this section, we collect some algebraic and geometric preliminaries concerning the Dirac operator on semi-Riemannian Spin c manifolds. Details can be found in [3] and [2] . Let r + s = n and consider on R n the nondegenerate symmetric bilinear form of signature (r, s) given by
for any v, w ∈ R n . We denote by Cl r,s the real Clifford algebra corresponding to (R n , ·, · ), this is the unitary algebra generated by R n subject to the relations
where (e j ) 1 j n is an orthonormal basis of R n of signature (r, s), i.e., e j , e k = ε j δ jk and ε j = ±1. The complex Clifford algebra Cl r,s is the complexification of Cl r,s and it decomposes into even and odd elements Cl r,s = Cl 
The spin group Spin(r, s) is the double cover of SO(r, s), in fact the following sequence is exact
where ξ = Ad | Spin(r,s) and Ad is defined by
Here Cl * r,s denotes the group of units of Cl r,s . Since S 1 ∩ Spin(r, s) = {±1}, we define the complex spin group by
The complex spin group is the double cover of SO(r, s) × S 1 , this yields to the exact sequence
where ξ c = (ξ, Id 2 ). When n = 2m is even, Cl r,s has a unique irreducible complex representation χ 2m of complex dimension 2 m , χ 2m : Cl r,s −→ End(Σ r,s ). If n = 2m + 1 is odd, Cl r,s has two inequivalent irreducible representations both of complex dimension 2 m , χ j σ} and ω r,s is the complex volume element
We define the complex spinorial representation ρ n by the restriction of an irreducible representation of Cl r,s to Spin c (r, s):
When n = 2m is even, ρ n decomposes into two inequivalent irreductible representations ρ 
Now, we give the following isomorphism α, which is of particular importance for the identification of the Spin c bundles in the context of immersions of hypersurfaces:
where we look at an embedding of R n onto R n+1 such that (R n ) ⊥ is spacelike and spanned by a spacelike unit vector ν.
Let N n be an oriented semi-Riemannian manifold of signature (r, s) and let P SO N be the SO(r, s)-principal bundle of positively space and time oriented orthonormal tangent frames. A complex Spin c structure on N is a Spin c (r, s)-principal bundle P Spin c N over N, an S 1 -principal bundle P S 1 N over N together with a twofold covering map Θ :
for every u ∈ P Spin c N and a ∈ Spin c (r, s), i.e., N has a Spin c structure if and only if there exists an S 1 -principal bundle P S 1 N over N such that the transition functions g αβ × l αβ :
This, anyhow, is equivalent to the second Stiefel-Whitney class w 2 (N) being equal, modulo 2, to the first chern class c 1 (L N ) of the complex line bundle L N . It is the complex line bundle associated with the S 1 -principal fibre bundle via the standard representation of the unit circle.
Let ΣN := P Spin c N × ρn Σ r,s be the spinor bundle associated with the spinor representation. A section of ΣN will be called a spinor field. Using the cocycle condition of the transition functions of the two principal fibre bundles P Spin c N and P SO N × N P S 1 N, we can prove that
where Σ ′ N is the locally defined spin bundle and (L N ) 1 2 is locally defined too but ΣN is globally defined. The tangent bundle T N = P SO N × ρ 0 R n where ρ 0 stands for the standard matrix representation of SO(r, s) on R n , can be seen as the associated vector
n where pr 1 is the first projection. One defines the Clifford multiplication at every point p ∈ N:
where b ∈ P Spin c N, v ∈ R n , σ ∈ Σ r,s and χ n = χ 2m if n is even and
if n is odd. The Clifford multiplication can be extended to differential forms. Clifford multiplication inherits the relations of the Clifford algebra, i.e., for X, Y ∈ T p N and induces inner products on ΣN and Σ ± N which we again denote by ·, · and it satisfies
for every X ∈ Γ(T N) and ψ, ϕ ∈ Γ(ΣN ). Additionally, given a connection 1-form A N on P S 1 N, A N : T (P S 1 N) −→ iR and the connection 1-form ω N on P SO N for the Levi-Civita connection ∇ N , we can define the connection
on the principal fibre bundle P SO N × N P S 1 N and hence a covariant derivative ∇ ΣN on ΣN [7] given locally by
where ϕ = [ b × s, σ] is a locally defined spinor field, b = (e 1 , . . . , e n ) is a local space and time oriented orthonormal tangent frame, s : U −→ P S 1 N is a local section of
where Ω N is a real valued 2-form on P S 1 N. We know that Ω N can be viewed as a real valued 2-form on N [7] . In this case iΩ N is the curvature form of the associated line bundle L N . The curvature tensor R ΣN of ∇ ΣN is given by
where R N is the curvature tensor of the Levi-Civita connection ∇ N . In the Spin c case, the Ricci identity translates, for every X ∈ Γ(T N), to
Here Ric N denotes the Ricci curvature considered as a field of endomorphism on T N. The Ricci curvature considered as a symmetric bilinear form will be written ric
The Dirac operator maps spinor fields to spinor fields and is locally defined by Let Z be an oriented (n + 1)-dimensional semi-Riemannian Spin c manifold and M ⊂ Z a semi-Riemannian hypersurface with trivial spacelike normal bundle. This means that there is a vector field ν on Z along M satisfying ν, ν = +1 and ν, T M = 0. Hence if the signature of M is (r, s), then the signature of Z is (r + 1, s).
Proposition 3.1 The hypersurface M inherts a Spin
c structure from that on Z, and we have
Moreover Clifford multiplication by a vector field X, tangent to M, is given by
where ψ ∈ Γ(ΣZ) (or ψ ∈ Γ(Σ + Z) if n is odd), ϕ is the restriction of ψ to M, "·" is the Clifford multiplication on Z, and "•" that on M.
Proof: The bundle of space and time oriented orthonormal frames of M can be embedded into the bundle of space and time oriented orthonormal frames of Z restricted to M, by Φ :
The isomorphism α, defined in (8) yields the following commutative diagram:
where the inclusion of SO(r, s) in SO(r + 1, s) is that which fixes the first basis vector under the action of SO(r + 1, s) on R n+1 . This allows to pull back via Φ the principal bundle P Spin c Z | M as a Spin c structure for M, denoted by P Spin c M. Thus, we have the following commutative diagram:
The Spin c (r, s)-principal bundle (P Spin c M, π, M) and the S 1 -principal bundle (P S 1 M =: P S 1 Z| M , π, M) define a Spin c structure on M. Let ΣZ be the spinor bundle on Z,
where ρ n+1 stands for the spinorial representation of Spin c (r +1, s). Moreover, for any spinor ψ = [ b × s, σ] ∈ ΣZ we can always assume that pr 1 • Θ( b × s) = b is a local section of P SO Z with ν for first basis vector where pr 1 is the projection into P SO Z . Then we have
where the equivalence class is reduced to elements of Spin c (r, s). It follows that one can realise the restriction to M of the spinor bundle ΣZ as
If n = 2m is even, it is easy to check that χ If n = 2m + 1 is odd, we know that χ 0 2m+1 is the unique irreductible representation of Cl r,s of dimension 2 m for which the action of the complex volume form is the identity. Since n+1 = 2m+2 is even, ΣZ decomposes into positive and negative parts,
can be written as the direct sum of two irreductible inequivalent representations, as
. Hence, we have
where (χ 2m+2 • α) ± (ω r,s ) = ±Id Σr,s . The representation χ 0 2m+1 being the unique representation of Cl r,s of dimension 2 m for which the action of the volume form is the identity, we get (χ 2m+2 • α)
Now, Equation (12) follows directly from the above identification.
Remarks 3.2 1. The algebraic remarks in the previous section show that if n is odd we can also get Σ − Z | M ≃ ΣM, where the Clifford multiplication by a vector field tangent to M is given by
X • ϕ = −(ν · X · ψ) | M .
The connection 1-form defined on the restricted S
1 -principal bundle (P S 1 M =: 
), is given by
A M = A Z | M : T (P S 1 M) = T (P S 1 Z) | M −→ iR.
Then the curvature 2-form iΩ
(
In fact, we can write
which is (14) . When restricting the Clifford multiplication of Ω Z by ψ to the hypersurface M we obtain
Proposition 3.3 (The spinorial Gauss formula)
We denote by ∇ ΣZ the spinorial Levi-Civita connection on ΣZ and by ∇ ΣM that on ΣM. For all X ∈ Γ(T M) and for every spinor field ψ ∈ Γ(ΣZ), then
where 
where H = 1 n
tr(W ) denotes the mean curvature and D = D M if n is even and
D = D M ⊕ (−D M ) if n is odd.
Proof:
The Riemannian Gauss formula is given, for every vector fields X and Y on M, by ∇
Let (e 1 , e 2 , ..., e n ) a local space and time oriented orthonormal frame of M, such that b = (e 0 = ν, e 1 , e 2 , ..., e n ) is that of Z. We consider ψ a local section of ΣZ,
where s is a local section of P S 1 Z. Using (9), (19) and the fact that 
Here
W )(e i ) denotes the leafwise divergence of the endomorphism field W and
Proof: We choose a local oriented orthonormal tangent frame (e 1 , . . . , e n ) for the leaves and we may assume for simplicity that ∇ Z ν e j = 0. Now, we compute
The Riccati equation for the Weingarten map (∇
Plugging this into (20) we get
4 The generalized cylinder on semi-Riemannian Spin c manifolds Let M be an n-dimensional smooth manifold and g t a smooth 1-parameter family of semi-Riemannian metrics on M, t ∈ I where I ⊂ R is an interval. We define the generalized cylinder by
with semi-Riemannian metric g Z := ·, · = dt 2 + g t . The generalized cylinder is an (n + 1)-dimensional semi-Riemannian manifold of signature (r + 1, s) if the signature of g t is (r, s).
Proposition 4.1 There is a 1-1-correspondence between the Spin
c structures on M and that on Z.
Proof: As explained in Section 3, Spin c structures on Z can be restricted to Spin c structures on M. Conversely, given a Spin c structure on M it can be pulled back to I × M via the projection pr 2 : I × M −→ M yields a Spin c structure on Z. In fact, the pull back of the Spin c (r, s)-principal bundle P Spin c M on M gives rise to a Spin c (r, s)-principal bundle on Z denoted by P Spin c Z
Enlarging the structure group via the embedding Spin c (r, s) ֒→ Spin c (r + 1, s), which covers the standard embedding
gives a Spin c (r + 1, s)-principal fibre bundle on Z, denoted also by P Spin c Z. The pull back of the line bundle L M on M defining the Spin c structure on M, gives a line bundle L Z on Z such that the following diagram commutes
The line bundle L Z on Z and the Spin c (r + 1, s)-principal fibre bundle P Spin c Z on Z yields the Spin c structure on Z which restricts to the given Spin c structure on M. 
Proposition 4.3 [2]
On a generalized cylinder Z = I × M with semi-Riemannian metric g Z = ·, · = dt 2 + g t we define, in every p ∈ M and X, Y ∈ T p M, the first and second derivatives of g t bẏ
Hence the following formulas hold:
where X, Y, U, V ∈ T p M, p ∈ M.
The variation formula for the Dirac operator on Spin c manifolds
First we give some facts about parallel transport on Spin c manifolds along a curve c. We consider a Riemannian Spin c manifold N, we know that there exists a unique correspondence which associates to a spinor field ψ(t) = ψ(c(t)) along a curve c :
for any ψ and ϕ along the curve c,
A spinor field ψ along a curve c is called parallel when
ψ(t) = 0 for all t ∈ I. Now, if ψ 0 is a spinor at the point c(t 0 ), t 0 ∈ I, (ψ 0 ∈ Σ c(t 0 ) N) then there exists a unique parallel spinor ϕ along c, such that ψ 0 = ϕ(t 0 ). The linear isometry τ
is called the parallel transport along the curve c from c(t 0 ) to c(t 1 ). The basic property of the parallel transport on a Spin c manifold is the following: Let ψ be a spinor field on a Riemannian Spin c manifold N , X ∈ Γ(T N), p ∈ N and c : I −→ N an integral curve through p, i.e., c(t 0 ) = p and
Now, we consider g t a smooth 1-parameter family of semi-Riemannian metrics on a Spin c manifold M and the generalized cylinder Z = I × M with semi-Riemannian metric g Z = ·, · = dt 2 + g t . For t ∈ I we denote by M t the manifold (M, g t ). Let us write "·" for the Clifford multiplication on Z and "• t " for that on M t . Recall from Section 4 that Spin c structures on M and Z are in 1-1-correspondence and ΣZ| Mt = ΣM t as hermitian vector bundles if n = r + s is even and Σ + Z| Mt = ΣM t if n is odd. For a given x ∈ M and t 0 , t 1 ∈ I, parallel transport τ Proof: Since Z has a parallel spinor, we have (see [7] )
For Y = e j in Equation (32) then taking Clifford multiplication by e j and summing from j = 1, ..., n + 1, we get
e j · (e j Ω Z ) · ψ =
